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Abstract
Let R be a commutative unitary ring and let M be a commutative monoid. The monoid ring
R[M ] is considered as an M -graded ring where the homogeneous elements of degree s are the
elements of the form aX s, a∈R, s∈M . If each homogeneous ideal of R[M ] is 7nitely generated,
we say R[M ] is gr-Noetherian. We denote the set of homogeneous prime ideals of R[M ] by
h-Spec(R[M ]). Results are given which illuminate the di:erence between the Noetherian and
gr-Noetherian conditions on a monoid ring, and also the di:erence between Spec(R[M ]) being
Noetherian and h-Spec(R[M ]) being Noetherian. Applications include a variation of the Mori–
Nagata theorem and some results on group rings which are ZD-rings, Laskerian rings or N-rings.
c© 2003 Elsevier B.V. All rights reserved.
MSC: 13B99; 13A02; 13E05
An H -graded commutative ring R =
⊕
h∈H Rh, where H is a commutative monoid,
is said to be gr-Noetherian if each homogeneous ideal of R is 7nitely generated.
(For example see [45, Section II.3].) A result [23, Theorem 1.1] states that if H is
a 7nitely generated abelian group, then R =
⊕
h∈H Rh is gr-Noetherian if and only if
it is Noetherian. Its application to monoid rings [23, Corollary 1.2] states that if M
is a submonoid of a 7nitely generated abelian group, and R[M ] is Noetherian, then
R is Noetherian and M is 7nitely generated. (This latter result holds for any commu-
tative monoid however by a result of Budach [9]. See Section 3.) Similar results were
given in [30] for Noetherian spectrum. Indeed [30, Theorem 1.7] states that if M is
a cancellative torsion-free abelian monoid with 7nitely generated quotient group and
R=
⊕
m∈M Rh is an M -graded commutative ring, then h-Spec(R) is Noetherian if and
only if Spec(R) is Noetherian, and in [30, Corollary 2.4 and the prooof of Proposi-
tion 2.5(1)], a characterization is given of the monoid rings R[M ] with h-Spec(R[M ])
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Noetherian, where M is cancellative and torsion-free. These results are then used in
[30, Theorem 2.6] to show that Spec(R[M ]) is Noetherian if Spec(R) is Noetherian
and M is a cancellative torsion-free abelian monoid whose quotient group G is 7nitely
generated and has torsion-free rank 6 2. Thus while necessary and suHcient condi-
tions on R and M are known for R[M ] to be Noetherian, and for h-Spec(R[M ] to
be Noetherian, under reasonable conditions on M , much less is known about when a
monoid ring R[M ] is gr-Noetherian, and when Spec(R[M ]) is Noetherian. The purpose
of this note is to determine when a monoid ring R[M ] is gr-Noetherian for a general
torsion-free cancellative monoid M , and when Spec(R[M ]) is Noetherian for a class
of monoids M which includes all abelian groups, and thereby illuminate the extent to
which these corresponding graded and non-graded conditions are di:erent. The condi-
tion that Spec(R) (or the space Max(R) of maximal ideals) is Noetherian plays a role
for example, in obtaining global bounds on numbers of generators of modules from
local bounds [50,11,31,41, Chapter 4], and in bounding the stable range of rings, [7]
(see also [46, Section 4]), and is a necessary condition for a ring to be Laskerian [20,
Theorem 4], or to be an N-ring, as considered in [21,27,26]. There are numerous
results in the literature giving necessary and/or suHcient conditions on R and M
for a semigroup ring R[M ] to have a given property. For example, in addition to
Gilmer’s book [15], a partial list of more recent works is [1,8,16–22,24,30,32–34,36–
39,42,45,47,48,53]. Therefore it is perhaps surprising that the Noetherian spectrum prop-
erty in monoid rings has not received more attention. Also it is hoped that the results
here might be of wider interest since the monoid rings R[M ] are the natural 7rst cases
in the study of general M -graded rings. (See also [2–4].)
All rings and monoids in this note will be commutative. A radical ideal of a ring R
is an intersection of prime ideals, and Spec(R) is said to be Noetherian if R satis7es the
ascending chain condition (acc) on radical ideals, or equivalently, if each radical ideal
of R is the radical of a 7nitely generated ideal [46]. Similarly, if M is a torsion-free
cancellative monoid and R =
⊕
m∈M Rm is an M -graded ring, the space h-Spec(R) of
homogeneous prime ideals of R is Noetherian if R satis7es the acc on homogeneous
radical ideals, or equivalently, if each homogeneous radical ideal of R is the radical of
a 7nitely generated homogeneous ideal.
In Section 1 some results on rings with Noetherian spectrum are adapted to monoids,
and then a result, Theorem 1.6, on stability of Noetherian spectrum in extension rings
is given. This result, together with the fact that Noetherian spectrum is preserved by
7nitely generated ring extensions [46, Corollary 2.6], plays a role here which is analo-
gous to the role played by the Hilbert basis theorem on the stability of the Noetherian
property in extension rings. In Section 2 we consider the di:erence between the Noethe-
rian and gr-Noetherian conditions on a monoid ring R[M ]. By the result of Budach
mentioned above, R[M ] is Noetherian only in the obvious case that R is Noetherian
and M is 7nitely generated. In contrast, if M is cancellative and torsion-free, R[M ] is
gr-Noetherian if and only if R is Noetherian and M has acc on ideals. (See Theorem
2.4.) In particular, if M is a torsion-free abelian group, R[M ] is gr-Noetherian if and
only if R is Noetherian. As an application of the gr-Noetherian property, Theorem 2.7
shows that a variation of the Mori–Nagata theorem holds for gr-Noetherian monoid
domains. In Section 3 the monoid rings R[M ] such that Spec(R[M ]) is Noetherian
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are determined in the case that M is periodic. In Section 4 the monoid rings R[M ]
with Spec(R[M ]) Noetherian are characterized in the case that M=U (M) is a periodic
monoid, where U (M) is the group of invertible elements of M . In particular this char-
acterization, which includes the case that M is a group, could be considered as a partial
analogue on when Spec(R[M ]) is Noetherian (see Theorem 4.3), of Budach’s result
on when R[M ] is Noetherian (see Theorem 2.2). The 7nal result of Section 4 states
that for certain monoids M and any ring R, Spec(R[M ]) is Noetherian if and only if
Max(R[M ]) is Noetherian. In Section 5, the paper is concluded with some applications
to monoid rings which are ZD-rings, Laskerian rings and N-rings.
1. Radical niteness and Noetherian spectrum
Our main reference for monoid rings is [15], which we will follow for unexplained
notation and terminology. We denote the set of natural numbers by N, and N ∪ {0}
by N0. In this section some results from [49] on rings with Noetherian spectrum
are adapted to monoids, and then a needed result on Noetherian spectrum in integral
extension rings is given. Recall that a nonempty subset I of an additive monoid M
is called an ideal of M if m + I ⊆ I for each m∈M . If I is an ideal of M and if
x + y∈ I for x, y∈M implies x∈ I or y∈ I , then I is said to be a prime ideal. We
give the set Spec(M) of prime ideals of M the Zariski topology. Thus a closed set in
Spec(M) is a set of the form V (I) = {P ∈Spec(M) | I ⊆ P} for some ideal I of M .
If I is an ideal of a monoid M , the radical of I is rad(I) = {a∈M | na∈ I , for some
positive integer n}, and I is a radical ideal of M if I = rad(I). It follows that rad(I)
is the intersection of the prime ideals of M containing I [15, Theorem 1.1].
Recall that a topological space P is said to be Noetherian if P satis7es the descend-
ing chain condition on closed sets. If P ⊆ Spec(M), we always give P the relative
topology induced from the Zariski topology on Spec(M). We will call an intersection
of members of P a P-radical ideal. It follows that a subset P of Spec(M) is Noethe-
rian if and only if M has acc on the P-radical ideals of M . An ideal which is an
intersection of maximal ideals is called a J-radical ideal. In particular, the set Max(M)
of maximal ideals of M is Noetherian if and only if M has acc on J-radical ideals.
Denition 1.1. If P ⊆ Spec(M), we say that an ideal I of M is P-radically 0nite if
I contains a 7nitely generated ideal F such that F and I are contained in the same
members of P. If P is the set Spec(M) or the set Max(M) of maximal ideals, we say
radically 0nite or J-radically 0nite respectively, for P-radically 0nite.
Proposition 1.2. If P ⊆ Spec(M), then each ideal of M is P-radically 0nite if and
only if P is a Noetherian topological space.
Proof. (⇐) Suppose there exists an ideal I that is not P-radically 7nite. Let a1 ∈ I .
Then I * P-rad(a1 + M). Let a2 ∈ I \ P-rad(a1 + M). Then P-rad(a1 + M) ⊂
P-rad({a1; a2} + M) and I * P-rad({a1; a2} + M), and so on, a contradiction to
P being Noetherian.
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(⇒) To show that P is Noetherian, let I1 ⊆ I2 ⊆ · · · be a chain of P-radical ide-
als. Let I =
⋃∞
i=1 Ii. Then P-rad(I) =P-rad({a1; : : : ; an}+M) for some a1; : : : ; an ∈ I .
Then a1; : : : ; an ∈ Ij for some j and P-rad({a1; : : : ; an} + M) ⊆ Ij ⊆ P-rad(I) =
P-rad({a1; : : : ; an}+M). Therefore Ij = Ik for all k¿ j.
Corollary 1.3. A monoid M has Noetherian maximal spectrum if and only if each
ideal of R is J-radically 0nite.
In analogy with Cohen’s result that a ring R is Noetherian if each prime ideal of R
is 7nitely generated, it is shown in [46, Corollary 2.4] that R has Noetherian spectrum
if each prime ideal is radically 7nite. This is extended to P-radically 0nite in [49,
Proposition 1.4], and the following is the analogue for monoids.
Proposition 1.4. If P ⊆ Spec(M), the set of non-P-radically 0nite ideals contains
maximal members, and any such maximal member is prime.
Proof. The set of non-P-radically 7nite ideals is easily seen to be inductive. If J is
maximal in this set and a1 + a2 ∈ J with a1 ∈ J and a2 ∈ J , then there are 7nite sets
Fi ⊆ J , for i = 1, 2, such that Fi ∪ {ai} and (J ∪ {ai}) + M are contained in the
same members of P. Then F1 ∪ F2 ∪ {a1 + a2} ⊆ J , and if a prime P ∈P contains
F1 ∪ F2 ∪ {a1 + a2}, then P contains J , a contradiction.
Corollary 1.5. If P ⊆ Spec(M), and each prime ideal of M is P-radically 0nite, then
P is Noetherian.
Proof. This follows from Propositions 1.2 and 1.4.
Theorem 1.6. Let f :R→ R′ be an integral extension of rings and let f∗ : Spec(R′)→
Spec(R) be the induced map.
(a) If Spec(R) is Noetherian then Spec(R′) is Noetherian if and only if f−1∗ (P) is
0nite for each P ∈Spec(R).
(b) If the space Max(R) of maximal ideals is Noetherian then Max(R′) is Noetherian
if and only if f−1∗ (P) is 0nite for each P ∈Max(R).
Proof. The if parts of (a) and (b) are given in [49, Proposition 1.6]. Conversely, for
(a), if Spec(R′) is Noetherian and P ∈Spec(R), then PR′ can have only 7nitely many
minimal primes, and thus f−1∗ (P) is 7nite. Similarly for (b).
2. Graded Noetherian properties of monoid rings
In this section we determine, in Theorem 2.4, when a monoid ring R[M ] is gr-
Noetherian for M cancellative and torsion-free, and give a proof that is similar to that
of Theorem 2.4, of a result from [30] on when h-Spec(R[M ]) is Noetherian.
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In [23] the following generalization of a well-known theorem is given:
Theorem 2.1 (Goto and Yamagishi [23]). Let H be a 0nitely generated abelian group
and A=
⊕
h∈H Ah an H -graded ring. The following are equivalent:
(1) A is a Noetherian ring.
(2) The ring A0 is Noetherian and A is a 0nitely generated A0-algebra.
(3) Every homogeneous ideal of A is 0nitely generated.
A corollary of the above result, which is given in [23], is that if R is a ring and
M is a submonoid of a 7nitely generated abelian group, then R[M ] is Noetherian if
and only if R is Noetherian and M is 7nitely generated. This corollary however is a
special case of Theorem 2.2 below which is an immediate consequence of a result of
Budach [9]. (See [15, Theorem 7.7].) Budach’s result says that if a monoid M has the
ascending chain condition on congruences, then M is 7nitely generated.
Theorem 2.2 (Budach [9] and Gilmer [15, Theorem 7.7]). If R is a ring and M is a
monoid, the following are equivalent:
(1) R[M ] is Noetherian.
(2) R is Noetherian and M is 0nitely generated.
Comparison of Theorems 2.1 and 2.2 brings up the question of determining when
each homogeneous ideal of R[M ] is 7nitely generated. Before considering this, we
introduce some notation. If S ⊆ M , let X S = {X s | s∈ S}. If R is a ring and B is
a set of homogeneous elements of R[M ], de7ne the exponent set of B as E(B) =
{m∈M |Xm ∈B}. Note that if I is a homogeneous ideal of R[M ] and E(I) = ∅,
then E(I) is an ideal of M .
We also use the following graded version of a well-known result of Cohen, which
is probably known, but the author is unaware of a reference.
Lemma 2.3. Let M be a cancellative torsion-free monoid, and let R =
⊕
m∈M Rm be
an M -graded ring. If I is an ideal of R which is maximal among non0nitely generated
homogeneous ideals of R, then I is prime. Thus if each homogeneous prime ideal is
0nitely generated, R is gr-Noetherian.
Proof. To check that I is prime, it suHces to check that if a, b∈R are homogeneous
and ab∈ I , then a∈ I or b∈ I . If a ∈ I and b ∈ I , let J = (I :R a). Then J is
homogeneous and contains b. Let (I; a) = (F; a) and J = GR where F ⊆ I , G ⊆ J
are 7nite sets of homogeneous elements. Then I = (F; Ja) = (F;Ga)R. Indeed if z ∈ I ,
then z ∈ (I; a)= (F; a). So z=(∑ rifi)+ sa, ri ∈R, fi ∈F , s∈R. Then s∈ J , and thus
z = (
∑
rifi) +
∑
sigia, si ∈R, gi ∈G.
The following result determines when each homogeneous ideal of R[M ] is 7nitely
generated when M is a cancellative torsion-free monoid.
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Theorem 2.4. If R is a ring and M is a cancellative torsion-free monoid, the following
are equivalent.
(1) R[M ] is gr-Noetherian.
(2) R is Noetherian and each ideal of M is 0nitely generated.
Proof. (1) ⇒ (2) If I is an ideal of R then IR[M ] is a homogeneous ideal of R[M ],
and thus is 7nitely generated since R[M ] is gr-Noetherian. Let F ⊆ I be a 7nite set
such that IR[M ] =FR[M ]. Then I =FR. Similarly, if I is an ideal of M then X IR[M ]
is a homogeneous ideal of R[M ], and thus is 7nitely generated by (1). Let F ⊆ I be
a 7nite set such that X IR[M ] = X FR[M ]. Then I = F +M . Therefore each ideal of M
is 7nitely generated.
(2) ⇒ (1) Let P be a homogeneous prime ideal of R[M ]. Then P is generated by
(P ∩ R) ∪ (X E(P)). Since P ∩ R and E(P) are 7nitely generated, it follows that P is
7nitely generated. Thus by Lemma 2.3, R[M ] is gr-Noetherian.
Specializing to the case that M is a group, we get the following corollary to Theorem
2.4 and Theorem 2.2.
Corollary 2.5. Let R be a Noetherian ring and G a torsion-free abelian group. Then
(1) R[G] is gr-Noetherian; and
(2) R[G] is Noetherian if and only if G is 0nitely generated.
We next give two applications of Theorem 2.4 to integral closure and complete
integral closure. The following is a variation of a well known result in which the usual
hypothesis that R[M ] is Noetherian is replaced with the weaker hypothesis that R[M ]
is gr-Noetherian.
Proposition 2.6. Let R be a subring of an integral domain T , let M be a cancellative
torsion-free monoid with quotient group G and assume that R[M ] is gr-Noetherian.
Then
(1) if f∈T [G] is almost integral over R[M ], then f is integral over R[M ]; and
(2) the integral closure and complete integral closure of R[M ] coincide.
Proof. Part (1) is an immediate consequence of Theorem 2.4 and [15, Theorem 12.5].
For (2), if an element f in the quotient 7eld of R[M ] is almost integral over R[M ],
then by [15, Corollary 12.6], f∈K[G], where K is the quotient 7eld of R. Then by
(1), f is integral over R[M ].
Recall that the Mori–Nagata Theorem [44, Theorem 33.10] states that the integral
closure of a Noetherian domain is a Krull domain. The following is a variation of this
classical result.
Theorem 2.7. Let R be an integral domain, let M be a cancellative torsion-free
monoid with quotient group G and assume R[M ] is gr-Noetherian. Then the
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integral closure of R[M ] is a Krull domain if and only if G has acc on cyclic
subgroups.
Proof. (⇐) By [15, Corollary 12.11], the integral closure of R[M ] is R′[M ′] where
R′ is the integral closure of R and M ′ is the integral closure of M . By the usual
Mori–Nagata theorem [44, Theorem 33.10], R′ is a Krull domain, and by the Mori–
Nagata Theorem for semigroups [43], M ′ is a Krull monoid. Since G has acc on
cyclic subgroups, it follows from [15, Theorems 14.10 and 15.6] that R′[M ′] is a Krull
domain.
(⇒) Again by [15, Corollary 12.11], the integral closure of R[M ] is R′[M ′], and
then by [15, Theorems 14.10 and 15.6], G has acc on cyclic subgroups.
Since there exist examples of non-7nitely generated groups which satisfy acc on
cyclic subgroups (for example see [14, p. 27]), it follows from Corollary 2.5 that the
conditions in the above result that R[M ] is gr-Noetherian and G has acc on cyclic
subgroups are strictly weaker than the condition that R[M ] is Noetherian.
Corollary 2.8. Let R be an integral domain and let M be a cancellative torsion-free
monoid with quotient group G. If R[M ] is gr-Noetherian and G has acc on cyclic
subgroups, then each (possibly non-homogeneous) principal ideal of R[M ] has only
0nitely many minimal prime ideals P1; : : : ; Pn and height (Pi)6 1 for each i.
Proof. In [13] an integral domain A is said to be K0-domain if some integral exten-
sion domain B of A is a Krull domain, and by [13, Proposition 1], a domain A is a
K0-domain if and only if the integral closure of A is a Krull domain. Thus R[M ] is a
K0-domain by Theorem 2.7. By [13, Lemma 8(a)], if A is a K0-domain, each principal
ideal of A has only 7nitely many minimal prime ideals P1; : : : ; Pn and by [13, Theorem
3], height(Pi)6 1 for each i.
Of course many more results on Noetherian rings carry over to the set of graded
ideals of R[M ], if R[M ] is as above, even without the condition that G has acc on
cyclic subgroups, since in this case the set of graded ideals of R[M ] is a Noetherian
multiplicative lattice [10,5].
The following analogue to Theorem 2.4, on when h-Spec(R[M ]) is Noetherian,
follows from [30, Corollary 2.4 and the prooof of Proposition 2.5(1)]. It is given
here in order to compare it to the property that Spec(R[M ]) be Noetherian. We also
adapt the argument above to give a proof that is somewhat more direct than the
one in [30]. It follows from Theorems 2.2, 2.4 and 2.9 that each of the properties
(a) R[M ] is Noetherian, (b) R[M ] is gr-Noetherian, and (c) h-Spec(R) is Noetherian,
depends only on M and R separately, and not on their interrelationship. This is in
contrast to the Noetherian property of Spec(R[M ]), as we will see in the following
sections.
Theorem 2.9. If R is a ring and M is a cancellative torsion-free monoid, then
h-Spec(R[M ]) is Noetherian if and only if Spec(M) and Spec(R) are Noetherian.
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Proof. (⇒) If I is an ideal of R then IR[M ] is a homogeneous ideal of R[M ], and
thus is radically 7nite since h-Spec(R[M ]) is Noetherian. Let F ⊆ I be a 7nite set
such that rad(IR[M ]) = rad(F). Let P be a prime ideal of R containing F . Since M
is cancellative and torsion-free, the homogeneous ideal PR[M ] of R[M ] is prime [15,
Theorem 8.1]. Then F ⊆ PR[M ] implies I ⊆ PR[M ] ∩ R= P. Thus rad(I) = rad(F).
Similarly, if I is an ideal of M then X IR[M ] is a homogeneous ideal of R[M ],
and thus is radically 7nite since h-Spec(R[M ]) is Noetherian. Let F ⊆ I be a 7nite
set such that rad(X IR[M ]) = rad(X FR[M ]). Let P be a prime ideal of M containing
F . Let S = MP. Since X S = XM \ X P is a multiplicatively closed subset of R[M ],
the ideal X PR[M ] can be expanded to a homogeneous prime ideal Q of R[M ] such
that E(Q) = P. Then X F ⊆ Q implies X I ⊆ Q, which implies I ⊆ E(Q) = P. Thus
rad(I) = rad(F).
(⇐) Let P be a homogeneous prime ideal of R[M ]. Then P is generated by (P ∩
R)∪ (X E(P)). Since Spec(R) is Noetherian, P∩R is radically 7nite, and since Spec(M)
is Noetherian, E(P) is radically 7nite. It follows that P is radically 7nite.
The di:erence between the spaces h-Spec(R[M ]) and Spec(R[M ]) being Noetherian
can be seen, for example, by comparing the following corollary to Corollary 4.4.
Corollary 2.10. If R is a ring and G is a torsion-free abelian group, then h-Spec(R[G])
is Noetherian if and only if Spec(R) is Noetherian.
The torsion-free assumption cannot be deleted from Theorem 2.9. For example, if R
is a ring and M is a cyclic group of order n¿ 1, then R[M ] ∼= R[X ]=(X n − 1) = R[x],
and if P ∈ h-Spec(R[M ]), then P contains 0 = (x − 1)(xn−1 + xn−2 + · · · + 1), and
thus P contains (x − 1) or (xn−1 + xn−2 + · · · + 1). But then since P is homo-
geneous, in either case P must contain 1. Thus h-Spec(R[M ]) is empty, and hence
h-Spec(R[M ]) being Noetherian in this case carries no information about R. If further,
R is an integral domain of characteristic zero, then the ideal {0} of R[x] is a radical
ideal in R[x] by [15, Corollary 10.15], but {0} is not an intersection of members of
h-Spec(R[M ]) = ∅.
3. Noetherian spectrum of R[M ] with M periodic
In this section the monoid rings R[M ] with Spec(R[M ]) Noetherian are determined
in the case that M is periodic. If R is a ring and ∼ is a congruence on a monoid
M , we let I(∼) be the kernel of the homomorphism R[M ]→ R[M=∼] induced by the
canonical map M → M=∼, when reference to the ring R is clear. Thus, by the proof
of [15, Theorem 7.2], I(∼)={∑ni=1 ri(X ai −X bi) | n∈N; ri ∈R; ai ∼ bi for 16 i6 n}.
Recall that a monoid M is said to be periodic if the subsemigroup generated by s is
7nite for each s∈M [15, p. 10].
Lemma 3.1. Let R be a ring and let M be a periodic abelian monoid. The following
are equivalent.
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(1) Spec(R[M ]) is Noetherian.
(2) Spec(R) is Noetherian and each prime ideal P of R has only 0nitely many prime
ideals of R[M ] lying over it.
(3) Spec(R) is Noetherian and Spec((RP=PRP)[M ]) is Noetherian for each prime ideal
P of R.
Proof. (1) ⇒ (2) If R[M ] has Noetherian spectrum, then its homomorphic image R
clearly does also, and each prime ideal of R has only 7nitely many prime ideals of
R[M ] lying over it, by Theorem 1.6.
(2)⇒ (1) This follows by Theorem 1.6.
(2)⇒ (3) Clear.
(3)⇒ (2) Choose a prime ideal P of R. To see that P has only 7nitely many prime
ideals of R[M ] lying over it, we may pass to (RP=PRP)[M ]. But since Spec((RP=PRP)
[M ]) is Noetherian by hypothesis, there are only 7nitely many prime ideals of (RP=PRP)
[M ] lying over the zero ideal of RP=PRP by Theorem 1.6.
By a similar proof we have:
Lemma 3.2. Let R be a ring and let M be a periodic abelian monoid. The following
are equivalent.
(1) Max(R[M ]) is Noetherian.
(2) Max(R) is Noetherian and each maximal ideal P of R has only 0nitely many
maximal (or prime) ideals of R[M ] lying over it.
(3) Max(R) is Noetherian and Max((R=P)[M ]) is Noetherian for each maximal ideal
P of R.
Let M be a monoid. For a prime integer p let ∼p denote p-equivalence on M . That
is x ∼p y if and only if pix = piy for some integer i¿ 0. Let ∼a denote asymptotic
equivalence on M . That is x ∼a y if and only if there exists a positive integer K such
that kx = ky for each k¿K . The monoid M is said to be free of asymptotic torsion
if distinct elements of M are not asymptoticly equivalent. It follows that if p and q
are distinct prime integers, then ∼a = ∼p ∩ ∼p.
Theorem 3.3. Let M be a periodic monoid and let R be a ring. Then Spec(R[M ]) is
Noetherian if and only if Spec(R) is Noetherian and the following hold.
(1) M=∼p is 0nite if R=P has characteristic p¿ 0 for some prime ideal P of R.
(2) M=∼a is 0nite if R=P has characteristic zero for some prime ideal P of R.
Proof. (⇐) By Lemma 3.1, to show that Spec(R[M ]) is Noetherian, it suHces to show
that Spec((RP=PRP)[M ]) is Noetherian for each P ∈Spec(R). Thus we may assume
R= K is a 7eld.
First assume that K has characteristic p¿ 0. By Lemma 3.1 it suHces to show that
K[M ] has only 7nitely many minimal prime ideals. But by [16, Theorem 9.4], the
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nilradical of K[M ] is the kernel ideal I(∼p) = ({X a − X b | a ∼p b})K[M ] of ∼p, and
since M=∼p is 7nite, K[M ]=I(∼p) ∼= K[M=∼p] is Noetherian. Thus K[M ] has only
7nitely many minimal prime ideals.
If K has characteristic zero, the result follows similarly, using ∼a and [15, Theorem
9.12] instead of ∼p and [15, Theorem 9.4].
(⇒) Again, by Lemma 3.1, we may assume R=K is a 7eld. First assume that K has
characteristic p¿ 0. Since Spec(K[M=∼p]) is Noetherian, K[M=∼p] has only 7nitely
many minimal primes by Lemma 3.1. By [15, Theorem 4.5] M=∼p is p-torsion-free,
and thus by [15, Theorem 17.4], K[M=∼p] is von Neumann regular. It follows that
K[M=∼p] is Noetherian, and thus M=∼p is a 7nitely generated monoid by Theorem
2.2. But since M=∼p periodic, it is 7nite.
If K has characteristic zero, the result follows similarly, using [15, Comments after
Theorem 17.4].
If M is an abelian periodic monoid and p = q are prime integers, there is a surjec-
tive monoid homomorphism M=∼a → M=∼p and an injective monoid homomorphism
M=∼a → M=∼p×M=∼p. Therefore if M=∼a is 7nite then M=∼p is 7nite for each prime
integer p, and if M=∼p, M=∼q are 7nite for distinct primes p, q, then M=∼a is 7nite.
Therefore the following alternate characterization of when Spec(R[M ]) is Noetherian
with M periodic follows from Theorem 3.3.
Theorem 3.4. Let M be a periodic monoid and let R be a ring. Then Spec(R[M ])
is Noetherian if and only if Spec(R) is Noetherian and either (a) M=∼a is 0nite or
(b) M=∼p is 0nite for some prime p and R has characteristic pn for some n∈N.
If a periodic monoid G is cancellative, then G is a group, G is free of asymptotic
torsion, and G=∼p=G=Gp where Gp={x∈G |pix=0 for some i∈N}. Thus we have
the following corollary to Theorems 3.3 and 3.7 in the case that M is a group.
Corollary 3.5. Let G be a torsion abelian group and let R be a ring. Then Spec(R[G])
(respectively Max(R[G])) is Noetherian if and only if
(1) Spec(R) (respectively Max(R)) is Noetherian and
(2) G has only 0nitely many nonzero p-primary components Gp, and if Gp is in0nite,
then R=P has characteristic p for each prime (respectively maximal) ideal P.
As another corollary of Theorem 3.3 we have the following result of Gilmer.
Corollary 3.6 (Gilmer [18, Theorem B]). Let M an abelian monoid and let R be a
ring. Then Spec(R[M ]) is 0nite if and only if Spec(R) is 0nite and either (a) M=∼a
is 0nite, or (b) the characteristic of R is a power of a prime p and M=∼p is 0nite.
Proof. (⇐) By Theorem 3.4 the hypotheses imply that Spec(R[M ]) is Noetherian.
Since the hypotheses imply that M is periodic, R[M ] is integral over R, and thus
Spec(R[M ]) is 7nite by Theorem 1.6.
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(⇒) If Spec(R[M ]) is 7nite, M is periodic by [47, Theorem 14.2]. The rest follows
from Theorem 3.4.
We have following theorem and corollary for maximal spectrum which are analogous
to Theorem 3.3 and Corollary 3.6.
Theorem 3.7. Let M be a periodic monoid and let R be a ring. Then Max(R[M ]) is
Noetherian if and only if Max(R) is Noetherian and the following hold.
(1) M=∼p is 0nite if R=P has characteristic p¿ 0 for some maximal ideal P of R.
(2) M=∼a is 0nite if R=P has characteristic zero for some maximal ideal P of R.
Proof. By Lemma 3.2, it suHces to consider the case that R= K is a 7eld. But then
since M is periodic, Max(R[M ]) = Spec(R[M ]). Thus the result holds in this case by
Theorem 3.3.
The following corollary was given in [18, Theorem A]. It was also given in [34,53]
without the assumption that R is commutative.
Corollary 3.8 (Gilmer [18], Jespers and Wauters [34] and Wauters and Jespers [53]).
Let M an abelian monoid and let R be a ring. Then Max(R[M ]) is 0nite if and only
if Max(R) is 0nite and either (a) M=∼a is 0nite, or for each maximal ideal P, the
characteristic of R=P is a 0xed prime p and M=∼p is 0nite.
Proof. The proof is similar to that of and Corollary 3.6.
4. Noetherian spectrum of R[M ]
Let U (M) denote the group of invertible elements of the monoid M . In this section
we determine when Spec(R[M ]) is Noetherian in the case that M=U (M) is a periodic
monoid. In particular, this includes the case that M is a group.
Lemma 4.1. Let M be an abelian monoid and let R be a ring. If Spec(R[M ]) is
Noetherian, then M does not contain a free subgroup of in0nite rank.
Proof. By passing to R=P for a prime ideal P, we may assume R is an integral domain.
Let F1 ⊆ F2 be free subgroups of U (M) with F2=F1 nonzero and torsion-free. For i=1,
2 de7ne the congruence ∼i on M by a ∼i b if a= b+ fi for some fi ∈Fi.
If R has characteristic p¿ 0, then by [15, Theorem 9.4] we have rad(I(∼i))=I(∼ip)
where, for m, m′ ∈M we have m ∼ip m′ if and only if pkm ∼i pkm′ for some k ∈N.
But for m, m′ ∈M , pkm ∼i pkm′ if and only if pkm = pkm′ + fi for some fi ∈Fi.
It follows that if f∈F2 − F1, then f ∼2p 0 but f 1p 0. Since the mapping ( →
I(()(=ker(R[M ]→ R[M=(])) from the set of congruences on M to the set of ideals of
R[M ] is injective and preserves order [15, Theorem 7.5], rad(I(∼2))= I(∼2p) properly
contains rad(I(∼1)) = I(∼1p).
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If R has characteristic zero, rad(I(∼i)) = I(∼ia) where, for m, n∈M m ∼ia n is
de7ned to mean km ∼i kn for all k greater than some N ∈N [15, Theorem 9.12], and
it follows as above that rad(I(∼2)) properly contains rad(I(∼1)). Therefore U (M) has
7nite rank.
Recall that the rank of an abelian group G is the dimension of G⊗Z Q over Q, or
equivalently, the rank of G is the rank of any free abelian subgroup F of G such that
G=F is a torsion group.
Theorem 4.2. Let R be a ring, let M be an abelian monoid such that M=U (M) is
periodic, let F be a free subgroup of U (M) of maximal rank and let H =M=F . Then
Spec(R[M ]) is Noetherian if and only if the following hold:
(1) Spec(R) is Noetherian;
(2) F is 0nitely generated;
(3) if R=P has characteristic p¿ 0 for some prime ideal P of R, then H=∼p is 0nite;
(4) if R=P has characteristic zero for some prime ideal P of R, then H=∼a is 0nite.
Proof. (⇒) Part (1) follows since Noetherian spectrum is preserved under homomor-
phic images, and part (2) follows by Lemma 4.1. Also, since M=U (M) and U (M)=F
are periodic, M=F is also periodic. Indeed, if x∈M , we have nx+U (M)= kx+U (M)
for some n = k. Suppose nx = kx + u, u∈U (M). We also have n1u∈F for some
n1 ∈N. Then n1nx+F=n1kx+n1u+F=n1kx+F , and n1n = n1k. Thus x is periodic.
Parts (3) and (4) now follow by Theorem 3.3.
(⇐) Since Spec(R) is Noetherian, Spec(R[T ]) is also Noetherian for each 7nite
subset T of M [46, Corollary 2.6]. It then follows by Theorem 1.6 that to show R[M ]
has Noetherian spectrum, it suHces to show that there exists a 7nite set T ⊆ M such
that R[M ] is integral over R[T ] and each P ∈Spec(R[T ]) has only 7nitely many prime
ideals in R[M ] lying over it. To do this we 7rst assume that R is an integral domain.
Let T = {t, ∈M | ,∈H} be a set of representatives of the set H = M=F of cosets
m + F , m∈M , with the zero element 0M of M representing the zero element 0H of
H . Thus t0H = 0M . Then
R[M ] =
⊕
t∈T
R[F]X t
[15, Theorem 12.1].
Now assume that R has characteristic p¿ 0. Since H=∼p is 7nite by hypothesis, the
set of ∼p-equivalence classes of H partitions H into 7nitely many equivalence classes
S0; S1; : : : ; Sn, and we index these so that 0H ∈ S0. Let ’ :M → H be the canonical map.
For each i∈{0; 1; : : : ; n} let Ti = T ∩ ’−1(Si). Then {Ti | i = 0; 1; : : : ; n} is a partition
of T . Let t0 = t0H = 0M , and for each i∈{1; : : : ; n}, choose a ti ∈Ti.
We claim that each f∈R[M ] =⊕t∈T R[F]X t has a power in R[F][t1; : : : ; tn]. Let
f∈R[M ]. We may write f = f0 + f1 + · · · + fn where fi = gi1X ti1 + · · · + giNX tiN
and for each i∈{0; 1; : : : ; n}, we have gik ∈R[F] and tik ∈Ti for each k. Then for all
i, k we have ti ∼p tik where, for m∈M , Om denotes the image of m in H . Since for
each t ∈Ti, we have pj Ot=pjti for some positive integer j, then for each i, k we have
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pjtik ∈pjti+F for some positive integer j. It follows that for each f∈R[M ], we have
fp
j ∈R[F][t1; : : : ; tn] for some positive integer j. Thus Spec(R[M ]) is homeomorphic
to Spec(R[F][t1; : : : ; tn]).
Now assume that R has characteristic zero. Since H=∼a is 7nite by hypothesis,
the set of ∼a-equivalence classes of H partitions H into 7nitely many equivalence
classes S0; S1; : : : ; Sn, and we index these so that h ∼a 0H for h∈ S0. Then for each
i∈{0; 1; : : : ; n} let Ti = T ∩ ’−1(Si), where ’ :M → H is the canonical map. Then
{Ti | i = 0; 1; : : : ; n} is a partition of T . Let t0 = 0M and for each i∈{1; : : : ; n}, choose
a ti ∈Ti.
In this case R[M ] is integral over R[F][t1; : : : ; tn]. Indeed let g∈R[M ]. We may write
g= g0 + g1 + · · ·+ gn where gi = gi1X ti1 + · · ·+ giNX tiN and for each i∈{0; 1; : : : ; n},
we have tik ∈Ti for all k, and gik ∈R[F] for all i, k.
Fix t ∈Ti for some i. We show that t is integral over R[F][t1; : : : ; tn]. We
have jt + F = jti + F for all j¿K for some positive integer K . So jt ∈ jti + F for
all j¿K for some positive integer K . If j+k=2K , then j¿K or k¿K . If j¿K we
have jt + kti = jti + kti + f = 2Kti + f = 2Kt + f′, some f, f′ ∈F , and similarly, if
k¿K , jt+ kti =2Kt+f=2Kti +f′, some f, f′ ∈F . So there exist fj ∈F such that
(X t + X ti)2K =
2K∑
j=0
(
2K
j
)
(X t)2K−j(X ti) j
=
2K∑
j=0
(
2K
j
)
(X (2K−j)t+jti)
=
2K∑
j=0
(
2K
j
)
(X (2K)ti+fj)∈R[F][t1; : : : ; tn]:
This shows that X t is integral over R[F][t1; : : : ; tn].
Let P be a prime of R[F][t1] and assume that distinct primes Q1 and Q2 of R[F][T1]
lie over P. Let g∈Q1 − Q2. Then g = g1X t11 + · · · + gNX t1N , t1k ∈T1 for all k, and
gk ∈R[F] for all k. Then for each t1i, we have jt1i ∈ jt1 + F , for all j¿K for some
positive integer K .
We claim that for K suHciently large, gK=(g1X t11+· · ·+gNX t1N )K ∈R[F][t1]. To see
this choose K ∈N such that for j¿K , jt1i ∈ jt1k+F for all i, k¿K . If
∑N
i=1 ji=NK ,
then ji¿K for some i. By possibly renumbering, we may assume j1¿K . Then for
some fi ∈F ,
j1t11 + j2t12 + j3t13 + · · ·+ jN t1N
=(f1 + j1t12) + j2t12 + j3t13 + · · ·+ jN t1N
=f1 + (j1 + j2)t12 + j3t13 + · · ·+ jN t1N
=f1 + f2 + (j1 + j2)t13 + j3t13 + · · ·+ jN t1N
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=f1 + f2 + (j1 + j2 + j3)t13 + · · ·+ jN t1N = · · ·
=f1 + f2 + · · ·+ fn−1 + (j1 + j2 + · · ·+ jN )t1N
=f1 + f2 + · · ·+ fn−1 + NKt1N :
But this is in NKt1 +F . The claim now follows by expanding (g1X t11 + · · ·+gNX t1N )K .
It follows that for K suHciently large, gK=(g1X t11 + · · ·+gNX t1N )K ∈R[F][t1]∩Q1=
P ⊆ Q2, contradicting the choice of g. Thus each prime ideal of R[F][t1] has a unique
prime ideal of R[F][T1] lying over it. Similarly, each prime ideal of R[F][T1][t2] has
a unique prime ideal of R[F][T1][T2] lying over it, and so on. This 7nishes the proof
in the case that R is an integral domain.
If R is not a domain, R has only 7nitely many minimal prime ideals z1; : : : ; zc since
Spec(R) is Noetherian. Then by the domain case considered above, we can 7nd a
7nite subset Ti of M for each i such that (R=zi)[M ] is integral over (R=zi)[Ti] and
each prime ideal of (R=zi)[Ti] has only 7nitely many prime ideals in (R=zi)[M ] lying
over it. Then take T = T1 ∪ · · · ∪ Tc. Then since (R=zi)[M ] is integral over (R=zi)[T ]
for each i, it follows that R[M ] is integral over R[T ]. Also, each prime ideal of R[T ]
clearly has only 7nitely many prime ideals in R[M ] lying over it. Thus by Theorem
1.6, Spec(R[M ]) is Noetherian.
The following variation of Theorem 4.2 follows from the proof of Theorem 4.2. It
is somewhat analogous to Theorem 2.2 in that they both say that the only conditions
under which R[M ] will have a certain Noetherian property, are the “obvious” ones.
Theorem 4.3. Let R be a ring, let M be an abelian monoid and let F be a free
subgroup of U (M) of maximal rank. If M=U (M) is periodic ( for example if M
is a group), then Spec(R[M ]) is Noetherian if and only if Spec(R) is Noetherian
and there exists a 0nite set T ⊆ M such that R[M ] is integral over R[T ] and each
P ∈Spec(R[T ]) has only 0nitely many prime ideals in R[M ] lying over it.
The following corollary is an analogue, in the case that M is a group, to the result
[18, Theorem B] mentioned after Corollary 3.5.
Corollary 4.4. Let G be an abelian group and let R be a ring. Then Spec(R[G]) is
Noetherian if and only if Spec(R) is Noetherian and there exists a free subgroup F
of G of 0nite rank such that either (1) G=F is 0nite, or (2) the characteristic of
R is a power of a prime p and (G=F)=∼p is 0nite.
We end this section with a result on Noetherian maximal spectrum.
Theorem 4.5. Let M be a cancellative abelian monoid with quotient group G=T⊕F ,
where T is a torsion group and F = 0 is torsion-free. Assume further that F ⊆ M ,
and let R be a ring. Then Spec(R[M ]) is Noetherian if and only if Max(R[M ]) is
Noetherian.
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Proof. Assume Max(R[M ]) is Noetherian. Since F ⊆ M , it follows that M = (T ∩
M)⊕F . Thus we can write R[M ] =R[T ∩M ][F]. We 7rst show that Spec(R[T ∩M ])
is Noetherian. For this it suHces, by [46, Corollary 2.4], to show that each prime ideal
of R[T ∩ M ] is radically 7nite. Let B = R[T ∩ M ] and let P be a prime ideal of B.
Since B[F]=R[M ] has Noetherian maximal spectrum, then by [49, Corollary 1.3], there
exist f1; : : : ; fn ∈PB[F] such that J-rad(f1; : : : ; fn)B[F]) = J-rad(PB[F]). Let I be the
ideal of B generated be the coeHcients in B of the fi. We claim that P = rad(I).
If Q is a prime ideal of B, then since B[F]=QB[F] ∼= (B=Q)[F] has zero Jacobson
radical by [36, Corollaries 3.4.3 and 3.4.7], QB[F] is a J-radical ideal of B[F]=R[M ].
Thus if a prime ideal Q of B contains I , then QB[F] is a J-radical ideal containing
IB[F] ⊇ (f1; : : : ; fn)B[X ], and thus QB[F] contains PB[F]. Therefore Q contains P.
Thus Spec(B) is Noetherian, and therefore Spec(B[F])=Spec(R[M ]) is Noetherian by
[46, Corollary 2.6]. The converse is clear.
5. Laskerian group rings
The purpose of this section is to give some consequences of Corollary 4.4 for
Laskerian group rings. But since Laskerian rings are ZD-rings [12, Proposition 7] and
have Noetherian spectrum [20, Theorem 4], we 7rst consider rings with these prop-
erties. Recall that a ring R is said to be a ZD-ring if for each ideal I of R the set
ZR(R=I) = {r ∈R | ra∈ I for some a∈R \ I} of zero divisors on R=I is a 7nite union
of prime ideals of R [12,25,29]. A ring R is said to be Laskerian if each ideal of R
is a 7nite intersection of primary ideals of R [6,20,25,40,51,52].
Proposition 5.1. Let G be a non-torsion abelian group and let R be a ring. If R[G]
is a ZD-ring with Noetherian spectrum, then R is Noetherian. If in addition the
characteristic of R is not a prime power, then R[G] is Noetherian.
Proof. By [25, pp. 107–108], if a subring A of a ring B is ideally closed in B, that is
IB∩A= I for each ideal I of A, then the ZD-ring property descends from B to A. It is
easily seen that the Noetherian spectrum also descends from B to A for ideally closed
extensions. Thus the ring R is a ZD-ring with Noetherian spectrum. Then if F is a free
subgroup of G of maximal rank, R[G] =
⊕
t∈T R[F]X
t is a free R[F]-module on a set
T of representatives of G=F [15, Theorem 12.1], and thus R[F] is also a ZD-ring with
Noetherian spectrum. Further R[F] ∼= R[X1; X−11 ; : : : ; Xn; X−1n ] for some positive integer
n, and this is a free integral extension of the polynomial ring R[X1+X−11 ; : : : ; Xn+X
−1
n ]
[22, Lemma 1]. Thus R[X1 + X−11 ; : : : ; Xn + X
−1
n ] is also a ZD-ring with Noetherian
spectrum, and therefore R is Noetherian by [29].
If the characteristic of R is not a prime power, then G is 7nitely generated by
Corollary 4.4, and thus R[G] is Noetherian.
Since Laskerian rings are ZD-rings [12, Proposition 7] and have Noetherian spectrum
[20, Theorem 4], we have the following analogous results for Laskerian rings.
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Proposition 5.2. Let G be a non-torsion abelian group and let R be a ring. If R[G] is
Laskerian, then R is Noetherian. If in addition the characteristic of R is not a prime
power, then R[G] is Noetherian.
In order to give some indications about the prime power characteristic case,
we use the following two lemmas which are slight extensions of some results in [25,
pp. 112–113].
Lemma 5.3. Let R be a Laskerian ring of characteristic p¿ 0 and let R′ = R[x] ∼=
R[X ]=(Xp− r). Let P be a prime ideal of R, let Q be a P-primary ideal of R and let
P′ be the necessarily unique prime ideal of R′ lying over P. If PR′ = P′, then there
are at least two P′-primary ideals QR′¡Q′ in R′ such that Q = QR′ ∩ R= Q′ ∩ R.
Proof. We may 7rst localize at R \ P to reduce to the case that R and R′ are local.
Since by [25, Theorem 2.4], a 7nite integral extension of a Laskerian ring is Laskerian,
R′ is Laskerian. It follows from [28, Corollary 4.2] that QR′ is P′-primary.
A composition series for the R′-module R′=PR′ has all factors of adjacent terms
isomorphic to R′=P′, the only simple R′-module. Then since p=[R′ : R]= lR(R′=PR′)=
lR′(R′=PR′)lR(R′=P′), R=P ∼= R′=P′. So there exists r ∈R such that y = x − r ∈P′, and
then yp = xp − rp ∈P′ ∩ R= P. Then R′ = R[y] and y∈P′. Further, since the images
O1; Ox; : : : ; Oxp−1 ∈R′=PR′ are linearly independent over R=P, y ∈ PR′.
Since yp ∈P, ykp ∈Q some smallest k ∈N. We claim (QR′ + ypk−1R′) ∩ R = Q.
The inclusion (QR′ + ypk−1R′) ∩ R ⊇ Q is clear. For the opposite inclusion suppose
w + r′ypk−1 = a∈R, w∈QR′, r′ ∈R′. Let yp = xp − rp = s. Then s∈P, sk ∈Q, and
sk−1 ∈P\Q. Write w=t0+t1y+· · ·+tp−1yp−1, ti ∈Q, and r′=r0+r1y+· · ·+rp−1yp−1,
ri ∈R. So
r′ypk−1 = (r0 + r1y + r2y2 · · ·+ rp−1yp−1)ypk−1
= r0ypk−1 + r1yypk−1 + r2y2ypk−1 + · · ·+ rp−1yp−1ypk−1
= r0yp(k−1)yp−1 + r1ypk + r2ypky + · · ·+ rp−1ypkyp−2
= r0sk−1yp−1 + r1sk + r2sky + · · ·+ rp−1skyp−2 and
a=w + r′ypk−1 = (t0 + r1sk) + (t1 + r2sk)y + · · ·+ (tp−2 + rp−1sk)yp−2
+(tp−1 + r0sk−1)yp−1:
Thus a∈R implies a= t0 + r1sk , which is in Q.
Since if Q′ ∩ Q′1 ∩ : : : ∩ Q′n = (QR′ + ypk−1R′) is a primary decomposition, then
(Q′∩R)∩(Q′1∩R)∩· · ·∩(Q′n∩R)=(QR′+ypk−1R′)∩R=Q is a primary decomposition,
the P′-primary component Q′ of QR′ + ypk−1R′ satis7es Q′ ∩ R = Q. Since ypk−1 =
yp(k−1)yp−1 = sk−1yp−1 ∈Q′ \ QR′, we have QR′¡Q′.
Lemma 5.4. Let R and R′ be as in the above lemma. Let Q be a P-primary ideal
of R, let A be an ideal of R with radical P, let P′ be the necessarily unique prime ideal
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of R′ lying over P and assume PR′ = P′. Then if N ∈Spec(R)\AssR(R=A)={P; P1; : : : ;
Pn} properly contains P, then there exists an ideal A′ of R′ such that A′ ∩R=A and
AssR′(R′=A′) = {P′; P′1; : : : ; P′n; N ′}, where P′i = rad(PiR′) and N ′ = rad(NR′).
Proof. Let A have irredundant primary decomposition A = Q ∩ Q1 ∩ · · · ∩ Qn with
Pi = rad(Qi). It follows from [28, Corollary 4.2] that QR′ is P′-primary and that
QiR′ is P′i -primary for each i. Thus by Ratness we have a primary decomposition
AR′=QR′∩Q1R′∩· · ·∩QnR′. Let N ′=rad(NR′). By Lemma 5.3, there is a P′-primary
ideal Q′ which properly contains QR′ such that Q′ ∩ R = Q. Since a 7nite integral
extension of a Laskerian ring is Laskerian by [25, Theorem 2.4], we may apply [20,
Proposition 3] to conclude that the intersection of the N=QR′-primary ideals in R′=QR′
is zero. Therefore there is an N ′=QR′-primary ideal H ′=QR′ not containing Q′=QR′.
Then since QR′ ⊆ H ′ ∩ Q′ ⊆ Q′, the ideal A′ = H ′ ∩ Q′ ∩ Q1R′ ∩ · · · ∩ QnR′ satis7es
A′ ∩ R= A.
Proposition 5.5. Let G be an abelian group and let R be a Laskerian ring having
in0nitely many maximal ideals and assume R has prime power characteristic pn¿ 0.
If R[G] is a ZD-ring with Noetherian spectrum, then G is 0nitely generated.
Proof. Since R has Noetherian spectrum, R has only 7nitely many minimal primes.
Thus since R has in7nitely many maximal ideals, dim(R)¿ 1 and some minimal prime
P is contained in in7nitely many maximal ideals. It follows from Corollary 4.4, that
there is a 7nitely generated subgroup G1 of G such that G=G1 = H is a p-group.
It suHces to show that H is 7nitely generated. For this we may replace R[G] with
(R=P)[H ] and thus assume R is a domain of characteristic p¿ 0 having in7nitely
many maximal ideals and that G is a p-group. Assume G is not 7nitely generated.
Then the augmentation ideal I = {∑ni=1 aiX gi | gi ∈G; ai ∈R;∑ni=1 ai = 0} is also not
7nitely generated [15, Theorem 7.6(5)]. Further, the ideal I is a prime ideal of R[G]
which is contained in in7nitely many maximal ideals since R[G]=I ∼= R.
We can write G as a direct limit of its 7nitely generated subgroups {G3 | 3∈4}.
If G31 ⊆ G32 , then R[G] and R[G32 ] are free over R[G31 ] [15, Theorem 12.1], and
integral as well. Since a 7nite integral extension of a Laskerian ring is Laskerian [25,
Theorem 2.4] and R is Laskerian by hypothesis, R[G3] is also Laskerian for each 3∈4.
Also, if G31 is properly contained in G32 , then (I ∩R[G31 ])R[G32 ] = I ∩R[G32 ]. Indeed
I ∩R[G31 ] = I31 is the augmentation ideal of R[G31 ] and R[G32 ]=I31R[G32 ] ∼= R[G32 =G31 ]
[15, Corollary 7.3].
Since G is a p-group, we can recursively de7ne a sequence {Gi | i∈N0} of sub-
groups of G such that G0 = {0} and for each i∈N, Gi is generated by Gi−1 and
an element xi ∈G with pxi ∈Gi−1. For each i∈N0 let Fi = {3∈4 |G3 ⊇ Gi, and
G3 + Gi+1}, and let F=
⋃∞
i=1Fi. Then G is a directed union of the G3, 3∈F.
Let A1=I∩R[G1], and for each 3∈F1 let A3=A1R[G3]. For such 3, A3=A1R[G3] is
I∩R[G3]-primary since R[G3] is Rat over R[G1]. Let M1, M2, : : : be an in7nite sequence
of maximal ideals of R[G] containing I , which exists by hypothesis. By Lemma 5.4,
there is an ideal A2 of R[G2] such that AssR[G2](R[G2]=A2) = {I ∩R[G2]; M1 ∩R[G2]}.
For each 3∈F2 let A3 = A2R[G3]. Then for such 3, AssR[G3](R[G3]=A2R[G3]) =
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{I ∩ R[G3]; M1 ∩ R[G3]} since R[G3] is Rat over R[G2]. Continuing in this way, we
produce for each 3∈F an ideal A3 of R[G3] such that if 3∈Fi, R[G3]=A3 has i
associated primes, and i − 1 of them are maximal. It follows that the direct limit A
of these ideals is an ideal in the direct limit R[G] of the family {R[G3] | 3∈4} and
has the property that the set of zero divisors of R[G]=A is not a 7nite union of prime
ideals of R[G]. Thus R[G] is not a ZD-ring. This contradiction shows that G is 7nitely
generated.
Proposition 5.6. Let G be a non-torsion abelian group and let R be a ring of prime
power characteristic pn¿ 0. Let R[G] be a ZD-ring with Noetherian spectrum (for
example a Laskerian ring). If either R is not semilocal or dim(R)¿ 2, then R[G] is
Noetherian.
Proof. The ring R is Noetherian by Theorem 5.1. If R has in7nitely many
maximal ideals, then by Proposition 5.5, G is 7nitely generated and thus R[G] is
Noetherian.
Now suppose dim(R)¿ 2, and let P ⊂ Q ⊂ M be a chain of three distinct prime
ideals of R. Since R is Noetherian, we may assume that height(M=Q)=height(Q=P)=1.
By [35, Theorem 144], there are in7nitely many prime ideals Q′ of R properly between
P and M . Let r ∈M \P. By the principal ideal theorem in R=P, M is not minimal over
rR+P, and since rR+P has only 7nitely many minimal prime ideals, rR+P is contained
in only 7nitely many of the prime ideals Q′ with P ⊂ Q′ ⊂ M . Replacing R with
R′ = RM [1=r]=PRM [1=r], we get a ZD-ring R′[G] [12, Proposition 3] with Noetherian
spectrum, and R′ has in7nitely many maximal ideals. Thus by the above paragraph, G
is 7nitely generated, and therefore R[G] is Noetherian.
We next consider the case that G is a torsion group
Proposition 5.7. Let G be a torsion abelian group and let R be a ring whose char-
acteristic is not a prime power. The following are equivalent.
(1) R[G] is a ZD-ring with Noetherian spectrum.
(2) R is a ZD-ring with Noetherian spectrum and G is 0nite.
Proof. (1)⇒ (2) As in the proof of Proposition 5.1, R is a ZD-ring with Noetherian
spectrum. Since the characteristic of R is not a prime power, G is 7nite by Corollary 4.4
or Theorem 3.3. (2)⇒ (1) This holds since a 7nite integral extension of a ZD-ring is
a ZD-ring [25, Theorem 2.9], and R[G] has Noetherian spectrum by Theorem 1.6.
Proposition 5.8. Let G be a torsion abelian group and let R be a ring. If either the
characteristic of R is not a prime power or R has in0nitely many maximal ideals,
then the following are equivalent.
(1) R[G] is Laskerian.
(2) R is Laskerian, and G is 0nite.
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Proof. (1)⇒ (2) Since the Laskerian property is preserved by homomorphic images,
R is Laskerian. If R has in7nitely many maximal ideals, then by Proposition 5.5 G
is 7nitely generated. If the characteristic of R is not a prime power, it follows from
Corollary 4.4 that G is 7nite.
(2) ⇒ (1) A 7nite integral extension of a Laskerian ring is Laskerian by [25,
Theorem 2.4].
A ring R is said to be an N-ring if for each ideal I of R there exists a Noetherian
ring T containing R as a unitary subring such that IT ∩ R = I [21,26,27]. One of the
main questions considered in [21,26,27] is to determine when an N-ring is Noetherian.
Since no satisfactory answer to this question is known, it is of interest to ask which
group rings are non-Noetherian N-rings. Since N-rings are Laskerian [21, Proposition
2.14], the above results give information on this question.
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